This paper studies the paint number of the lexicographic product of graphs. We prove that if G has maximum degree ∆, then for any graph H on n vertices, χ P (G[H]) ≤ (4∆ + 2)(χ P (H) + log 2 n).
Introduction
A list assignment L of a graph G assigns to each vertex v a set L(v) of permissible colors. An L-coloring of G is a proper vertex coloring of G which colors each vertex with one of its permissible colors. We say that G is L-colorable if there exists an L-coloring of G. Given a function f : V (G) → N, we say G is f -choosable if for every list assignment L with |L(v)| = f (v) for all v ∈ V (G), G is L-colorable. We say G is k-choosable if for the constant function f (v) = k, G is f -choosable. The choice number ch(G) of G is the minimum k for which G is k-choosable. List coloring of graphs has been studied extensively in the literature (cf. [6, 2, 5] ).
Assume that ∪ v∈V (G) L(v) = {1, 2, . . . , q} for some integer q. For i = 1, 2, . . . , q, let V i = {v : i ∈ L(v)}. The sequence (V 1 , V 2 , . . . , V q ) is another way of specifying the list assignment. An L-coloring of G is equivalent to a sequence (X 1 , X 2 , . . . , X q ) of independent sets that form a partition of V (G) and such that X i ⊆ V i for i = 1, 2, . . . , q. This point of view of list coloring motivates the definition of the following list coloring game on a graph G, which was introduced in [3, 4] . Definition 1.1. Given a finite graph G and a mapping f : V (G) → N, the f -painting game on G is played by two players, Lister and Painter. In the i-th round, Lister presents a nonempty subset V i of V (G) \ ∪ i−1 j=1 X j , and Painter chooses an independent set X i contained in V i . If v ∈ V i , then we say color i is a permissible color of vertex v. If v ∈ X i , then we say v is colored by color i. If at the end of some round, a vertex v has been assigned f (v) permissible colors (i.e., contained in f (v) of the V j 's) but remains uncolored (not contained in any X j 's), then the game ends and Lister wins the game. Otherwise, at some round, all vertices are colored, the game ends and Painter wins the game.
We say G is f -paintable if Painter has a winning strategy in the f -painting game on G, and we say G is k-paintable if G is f -paintable for the constant function f ≡ k. The paint number of G, denoted by χ P (G), is the minimum k for which G is k-paintable.
It follows from the definition that for any graph G, χ P (G) ≥ ch(G). There are graphs G with χ P (G) > ch(G) (see [7] ). On the other hand, many currently known upper bounds for the choice numbers of classes of graphs remain upper bounds for their paint number. For example, the paint number of planar graphs is at most 5 [3] , the paint number of planar graphs of girth at least 5 is at most 3 [3, 1] , the paint number of the line graph L(G) of a bipartite graph G is ∆(G) [3] , and if G has an orientation in which the number of even Eulerian 1 subgraphs differs from the number of odd Eulerian subgraphs and [4] .
In this paper, we study the paint number of the lexicographic product of graphs.
We present an upper bound on the paint number of G[H] in terms of the maximum degree of G, the paint number of H and the cardinality of H. Let log stand for the base 2 logarithm.
Observe that if G = K 2 and H is the empty graph on n vertices, then G[K n ] = K n,n and we know that ch(K n,n ) = Ω(log n). Therefore the bound in Theorem 1.3 is tight up to a linear coefficient.
An upper bound for χ P (G[H])
First we generalize the on-line list colouring game to on-line multiple list colouring, and introduce the parameter b-paint number. The b-paint number of a graph will be needed in our proof, and is also an interesting parameter by itself. Given a graph G, the b-paint number of G is defined similarly as the paint number of G. The only difference is that each vertex of G needs to be colored by b colors.
Definition 2.1. Given a finite graph G and two mappings f, g : V (G) → N, the g-fold f -painting game on G is played by two players, Lister and Painter. In the i-th round, Lister presents a non-empty subset V i of V (G), where each v ∈ V i is contained in less than g(v) of the X j 's for j ≤ i − 1, and Painter chooses an independent set X i contained in V i . If at the end of some round, a vertex v is contained in f (v) of the sets V i 's but contained in less than g(v) of the sets X i 's, then the game ends and Lister wins the game. Otherwise, at some round, each vertex v is contained in g(v) of the sets X i 's, the game ends and Painter wins the game.
Similarly as in the f -painting game on G, if v ∈ V i , then we say color i is a permissible color of vertex v. If v ∈ X i , then we say v is colored by color i. The set V i presented by Lister is required to contain only vertices colored less than g(v) times.
The b-paint number of G, denoted by χ P,b (G), is the least integer k such that Painter has a winning strategy for the g-fold k-painting game on G for the constant function g ≡ b.
We denote by N G (x) the open neighborhood of x in G, i.e., the set containing all the neighbors of x in G, and by
and call C(x) a layer of C. Let E n be the empty graph (i.e., edgeless) on n vertices. In this section, we first give an upper bound for χ P,b (G[E n ]). Then we use this result to prove Theorem 1.3. Lemma 2.2. For any graph G and positive integer n, χ P,b (G[E n ]) ≤ (4∆ + 2)(b + log n).
Proof. The idea of the proof is similar to the idea used in [7] . Let
We shall give a winning strategy for Painter in the b-fold k-painting game on G[E n ].
During the game, Painter will keep track of a weighting function, which is dynamic as the weight of vertices will change during the game. We shall denote by h i (v) the weight of v at the end of the ith round.
For a set X of vertices of G[E n ], let
At the beginning no vertex is colored and each vertex has weight h 0 (v) = 1. Assume that in round i, Lister presents a set C = V i of vertices, all colored less than b times. We construct an independent set I of G recursively as follows:
Initially I = ∅ and U = V (G).
Repeat the following step until U becomes empty: choose a vertex x ∈ U with
When this procedure of choosing greedily maximal weight layers ends, I is a maximal independent set of G. It follows from the construction that for any x ′ / ∈ I, there is a vertex
). Painter colors the vertices in ∪ x∈I C(x). The weight function is updated as follows:
We shall prove this is a winning strategy for Painter. We first show that for any vertex x of G, h i (V x ) ≤ 2n. Assume x is a fixed vertex of G. We construct recursively an infinite rooted tree T and a homomorphism φ from T to G. Initially, let T 0 be the tree with a single root vertex r. Let φ 0 (r) = x. Assume T i and a homomorphism φ i : T i → G have been constructed. We construct T i+1 and φ i+1 as follows: For each leaf vertex a of (φ i (a) ) leaves in the case i = 0) adjacent to a, and extend φ i to these leaves in such a way that φ i+1 (N T i+1 (a)) = N G (φ i (a) ). In other words, the restriction of
Observe that T i is a subtree of T i+1 and the homomorphism φ i of T i to G is extended to a homomorphism φ i+1 of T i+1 to G. Let T = lim i→∞ T i , and let φ = lim i→∞ φ i . It follows from the definition that for any vertex a of T , d T (a) = d G (φ(a)) and φ is a bijection between N T (a) and N G (φ(a) ). For each vertex a of T , the level l(a) of a is the distance from a to the root r. In particular, l(r) = 0. For a ∈ T , let
Notice that by definition h i (V x ) ≤ w i (T ): when a is the root of the tree, then the corresponding summand is h i (V x ) . Since the maximum degree of T is equal to the maximum degree of G, we know that the number of vertices of level l is at most ∆(∆ − 1) l−1 < ∆ l . As h 0 (V y ) = n for any vertex y of G, we have
For simplicity, for a ∈ T , let h i (a) = h i (C(φ(a))). It follows from definition that
Claim 2.3. For each a ∈ A, there exists b ∈ B such that a, b are adjacent in T and
Proof. Let x = φ(a). By our choice of I, x has a neighbor x ′ ∈ I for which h i (C(x ′ )) ≥ h i (C(x)). By our construction of T , a has a unique neighbor b with φ(b) = x ′ .
Continuing the proof of Lemma 2.2, for b ∈ B, let
We shall show that 
